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TO: Section 312 Engineers, J. F. Scott, W. Scholey
FROM: M. A. Minovich

SUBJECT: A Method For Determining Interplanetary Free-Fall Reconnaissance
Trajectories

This paper deals with determining round-trip trajectories for reconnaiasance
vehicles in free-fall motion when certain fundamental assumptions are assumed to
hol@. After solvinglthe trajectory problem to one planet and back the more general
problem of detérﬁining a free-fall reconnaissance trajectory to N planets before
returning to the launch planet will be solved. No assumptions will be made as to
the geometry of the solar system; indeed, it will not matter how eccentric the
planets orbits are or how much their planes of motion differ from each other.
Vector analysis is employed throughout the paper giving it a somewhat neat mathe-
matical appearance which should offer interesting reading. As far as the author
knows the method and results are new. |

The problem of finding an exact analytical solution for round-trip,free-fall
reconnaissance trajectories is, to say the least, not trivial, Consequently, in
papers treating these problems certain simplifying assumptions are very common.

In this paper we shall assume only the most basic: _

| I, When the vehicle (treated as a particle) is inside a "sphere of influence"
7', centered at the center of the target planet, only the field of this
body influences its motion. When the vehicle is outside 7° only the sun
influences its motion.

II. If At is the amount of time the vehicle spends in 7, At is amali g0 that
the planets motion can be assumed to be constant; its velocity being that
velocity it has when the vehicle makes its closest approach.

Before stating the last assumption supposaZia some inertial cartesian frame of
reference with origin at the center of the sun. Let z:' be a moving frame with

origin af the center of the target planet and whose axes are kept parallel to the
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corresponding axes of Z . Then our second basic assumption implies that when the
-
vehicle is in 7, )_‘ is an inertial frame, Consequently, during the time interval
]
At the path of the vehicle with respect to z will be a hyperbolic conic section

with the origin at one of its foci.

sphere of
influence T

The third fundamental assumption is now written as:

ﬁ‘,,

—_— —
The vectors Pl and Pz are the position vectors of the vehicle as it enters and

¢ o 58 dm =

1 L]
leaves Twith respect to the origin of z . The axes of Z are not drawn since,
in general, they will nbt be parallel to any of the above lines. It has been f ourncl3
' *
that the best sphere of influence 7 has radius / given by
2
+* m .5
=) e
where m and M are the masses of the target planet and sun, respectively; c¢ is the

distance between the target planet and the sun,
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By taking I, II and III to be our only assumptions we must deal with the '
three-dimensional character of the solar system. Consequently, the use of vector
analysis is indispensable. Thus at this point, we digress to set up the necessary
mathematical apparatus which shall be used throughout this paper.

Newton's law of motion is

v a
i - oM}
dt R2

—
where m is the mass of particle having velocity V, M is the mass of a second particle,
‘ﬁhin the unit vector in the direction from M to m; (Unit vectors shall be denoted

by placing /1 over letter instead of — ), G is the gravitational constant.

If M>> m we may assume that M is at rest, kenee—takingwm—1l.and letting MG = p

dv R
(1) it = -u'gg

Since this implies

- = —
ii—(ﬁ’:v)=-qﬁx'ﬂ'+-}..’lxﬂ=-;|a.'x—-1:"’.-}"'—-I‘i..xﬁ=0,
dt R2

dt dt
integrating
4 ®RxV)
dt
yields _
(2) RxV = 1

where h is some constant vector of integration and is equal to the vector called
angular momentum of m about M, This shows that R and V must then be perpendicular
to h,hence the motion of m takes place in a fixed plane. Writing

pa—— ~
v .8 _ 4(rR)

= at = at
(2) can be expressed as
hmBRx¥ e hes = Rx(Rgy + q¢R) = K Rxg

Thus in view of (1)

- a #

aV - _ R__p2p 48

-a?xh "F'RZIR(R at

-
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If @ is the angle between R and some arbitrary line in the plane of motion

A A
4R _ &R do
dt de dt
dR =
but ) is perpendicular to R hence
A
4 dR
BraE ™ D
yielding
- IS A
USSR | S W (S M
dt Hat = at

Now sinca-!; is g constant vector

a (Vxn) - & .
dt dt
consequently, we obtain

a(Tzn) _ a(w R)
dt dt

whereupon integration yields
(3) Vit = u®+€)
where gia another constant of integration. Notice that since V x'l-; is in the
plane of motion so is ?. We also observe that-g a.nd_E! are not independent of
each other for if -ff, ?and_l; are known at any time ¢t
(4) . g = i—?: T; = ﬁ
Now
TxFTrh)=ERDT-GNR=02T
Consequently, employing (3) ve obtain the important formula

(5) _;=L2-£:(§+€).
h
— ot —
Thus if h and € are known and R is a point on the particles trajectory, its velo-

city at R can be calculated from (5).

Let © be the angle measured from?in the positive direction (i.e., counter-
clockwise) to R, Hence in view of (2) and (3)

l:l2 =-l.1-l;' = -E:i x? = _50?!-5. = -R.*I.L(ﬁ +-é:)

h2
= ;—=R+R€Cos9 = R(1 + € Cos 8)
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h2

(6) i

P —
1+ €Cos®
But this is the general equation of a conic with eccentricity € and semi-latus

rectum
2

(7) A= s
_Thua we obtain the well known fact that the trajectory is a conic section. Since (6)
implies that R is smallest when © = O, the direction of _E-ia along the direction
of perihelion,

We now establish another important and well known relation. From (5) and (7)
we write

-

A st
xR+ V.hx €)

VZ = ?-?:I-%?'-}.;x (ﬁ +.é:) = 1 ﬁ.‘.ﬁ.
- L[58 7 + »E.¥2D)
Employing (2) and (3) this becomes
v ;—I[h2+g.u(ﬁ.+ﬁ-€)]
;_—z[hz + K(RE Cos B+R€2)]
With the aid of (6) we obtain
2
v - éj[h2+l-"(::_ -R+R€2)]
- %’j [2h2+uR(€2-1)]
which becomes, after using (7) a second time,

2
ol u(%+ -&—'1) ,

Since = a(1 -€ 2) for ellipses and L=al€ 2-1) for hyperbolas where a is

the semi-major axis of the conic we obtain
2

2 - 1
(8) Vo= ug + Q)
where the negative or positive sign is chosen if the conic is an ellipse or hy-

perbola, respectively.



i
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Let n denote the plane of motion,

&l

n —ﬁz(t =12)

_TH1

7\
Let S denote the area of n bounded by the arc Pgl R2 and the vectors Rl and R?.

If C denotes this closed curve we obtain by Stokes' theorem
f7.aF - [[FexDe
C S

e
e P
-setting f = C x R where € is any arbitrary constant vector
- i ~ 3 il

(9) f(gz R):dR = ﬂ' h-Vx(éx R) as.
C S

Now s

= - — - -—
(CXR)'G.R = dR'(C! ﬁ.) =C'R x dR
and

V:(ng) = -?C C-VR +:V.R-Rv C

but since g is a constant vector the dyadic VC and the scalar V. C vanish,

Since R = xi + yj - zk the dyadic VR is the idemfactor I

VR =Li+ij+a—A= ‘;.;. + j;j +Ak§ = I

Consequently, since V-R = 3
x(UxR) = = LI+ 3 = 2
N vx({ xR) ¢
Thus since C and h are constant vectors (9) yields the expreasion

C{nxrmfzc Jld8= chs

The vector Cia arbitrary hence we obtain

- et A
fodR = 2hS

C
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-
By writing dR = -&‘% dt = Vdt this expression can be written as

T2 T2
J’ RxVadt = f hat = h(r,- 1) = 2bs
21 21
(10) .
'e 25 = n(T, - T,)
This is equivalent to Kepler's second law, Setting TZ - f['1 = AT, (10) yields
2
h AT = 25 = 2f«1rf’2de where
; 91
il

= 1+€ Cos ®

S £
.CosO:F-%

.. =8in@dd = -5 ar

~t
0 = —=<—ap

(26_ s8in ©

Hence

=il ‘ff —=f
R ( € 8in O
Ifil =(a€ - a) E =a(€ -1)€ and-R-Z = P; (see figure on page 2), AT will
‘be one-half of the total time At a vehicle spends in 7 . Thus

-F" d:

2 { : —
at 'Efeainedf’ '% V’l-(%-l)z;
nf,re-n al€-1) €2

€lall
Ea{e-n V€2 P L)

2 [ _ar
h
e ‘/(6' ‘?--1)‘12 v 2l A"
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F«-
- 2031 \fe21) 2 4 24002 R —
Hlem Vet ee ) €02 =i
. 2 2 2 2 P'
VeZa V(e P v 2o 2 42 p + 24
a(€ -1)

Since f= a(€%1)

V(€2.1) a2(€-1)2 + 2.0a(€-1) =02 = aV€2a Y(€-1)22(€-1)-(€%1) = 0

Thus

At = % {sz-l '\{p'z + Za{a'- 32(6' 2--1)

VERa [log |2(€ 2-1)\/P*2+2a(0'-a2(€2-1) + 2(€ 2-1) (0*

+ 2a(€ 2.1) l -logl 2(€ “a) a(€-1) + 2a(€ 2'1)| ]}
2

E 3
Substituting 0 = (ﬁ)g ¢ we obtain

{r 2
(11) At = 2 i— (ﬁ)é ¢+ 2a(§)§ —

4 2
- a loge_l—a' [\[(ﬁ)s o & ()5 ¢ - 2~ (c*a)
2

+(§)gc+n] }

We now introduce the notation which shall be used to find the trajectory which

will take a free-fall vehicle from a certain launch planet P to the vacinity of a
certain target planet Q such that its interaction with Q will send it on an inter-
ception trajectory with the launch planet P,

(a) "'é'o = position vector of the launch planet with respect to Y when the
vehicle begins its reconnaissance mission at time t o} this vector will
also be taken to be the initial position vector of the vehicle.

(v) "':'m1 = position vector of vehicle when it enters the sphere of influence T

of the target planet at time tl.
(e) ?. = position vector of vehicle when it enters'T at time t. with respect
1 P 3

to ).
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(a)

(e)

(r)
(g)

(n)

(1)

(3)

(k)

(1)

(m)

(n)
(o)

(»

"51 = position vector of target planet at time t. when the vehicle

1
enters its sphere of influence 7.

'F;A = position vector of target planet when the vehicle makes its
closest approach to its surface at time tcl’

'i-; = position vector of vehicle when it leaves 7 at time 5.

?é = position vector of vehicle when it leaves 7 with respect to Z'
at time t,. |
'é; = position vector of the target planet when the vehicle leaves its
sphere of influence 7 at time t,.

'é; = position vector of launch planet at end of reconnaissance mission;
this vector is also taken as the final position vector of the vehicle
for the mission.

. i

k| J
b, 61, a, "1 and h3, 63, a5, <45 are the vector and scalar parameters
corresponding to the departing elliptical trajectory and the returning
elliptical trajectory, respectively.
e P
hZ' € o0 8 ,jz are the vector and scalar parameters when the trajectory
is in 7"\d.th respect to Z' (by the manner in which ):' was chosen, these
vectors given with respect to Z ' have the same coordinate values with
respect to0 ) ).
“P(t) and Q(t) denote the position vectors of the launch planet and target
planet as functions of time. (These functions are obtain by ephemeris
tables.)

i

e
Vl and Vz denote the velocity vectors with respect to): as the vehicle

enters and leaves 7'. respectively; the velocity vectors of the vehicle

L] e N
as it enters and leaves 7 with respect to Z are '?1| and -"I';'.

d = distance of closest approach,

RQ = radius of target planet.

— —

s ' ol
ry rj = arc of trajectory bet\teen'?i and r:j H rirj = distance between T rj,
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The problem of determining a round-trip, free-fall reconnaissance trajectory
to one planet shall be formulated as follows:

Assuming that the three basic assumptions hold, find a trajectory of a
wvehicle launched from the "center" of a given planet at the prescribed time tc'
which makes a closest approach to a given target planet at the prescribed time tcL
and returns to the "center" of the launch planet. Notice that after selecting the
launch and target planets, only to and t oA 8T® prescribed, In theory this problem
will always have a solution in Newtonian mechanics; however, if a solution gives a
trajectory which comes closer to the center of the target planet than its own
surface, it will be physically unrealizable and is said not to exist, For definiteness
we shall assume that To - t -t r T(am) where To is the ahorteét flight time it
takes a vehicle to pass from ‘é'o to E::A on an elliptical trajectory and T(am) is the
time taken when the vehicle has least energy (see Technical Memo #312-118),

Instead of finding an exact solution to the problem (which, in lieu of the
three basic assumptions, will not be a true solution) a solution shall be found
which will be very close to an exact solution. This solution yielding the tra-
jectory vectors '*1, —E-l' -h;, -6?2. -t?.’, ?; should suffice for a preliminary analysis
(e.g. distance of closest approach), but for an actual mission where more accuracy
may be desired an iteration method is given in the appendix that will enable one to
obtain a solution which is arbitrarily close to the exact solution.

It can be shown (see above mentioned reference) that if A £ g T(aﬂ) where T

is the time required for a vehicle to pass from the point fR; to the point 'ﬁ; under

the gravitational influence of one stationary body

(12) T = :—3 EV L. sin-lxz - W !in-lxlls

2 1l

where a is the semi-major axis of the elliptical path, 4 = GM and 3, % are given
S
by x = A = x, = l- S'R'.I.R2
a

s=HR, +R + RR)
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Tho eccentricity io then given by

{13? € = {1 - ‘f‘qﬁzz (S-Rl)(s-ﬁz)(l-xlxa + ‘\/1—121 ’ \{1_122)} ¥

If vo novw pubatitute T = tCA - to' Rl " and 112 = Cop into (12) ul cen be
calculatcd, Employing this in (13) the corresponding occontricity El can te
calculatcd, Conocquently, since fl = al(l- Gzl) tho ocoi-latug rectu:!l io
obtainecd. Theoo calculatecd values of “1-€1 andfl will Elcarly be very closo

to tho oxact values, Now by energy considerations a vchiclo passing from E.o to

'c‘&& on an elliptical trajectory will have an angular momentum .1;1 given by

< x¢.
= o] CA .
(14) b = 2 —— ‘“3:21
c X C l
o] CA

whero thoe positivo or négntive sign is chosen so that

e
hl-hp >0

—
whero hp is the angular mozentum of the launch planet about the sun. This can be

easily seen by (2) with the aid of (7).

Consider the problem of calculating the vector € corresponding to an el-

—

liptical path if € and two points R, and R, on the path are known. The

1 2

property which distinguishes a long-time elliptical path from a short-time
— —_—
path is that in the former case the chord joining Rl and R2 intersects the line
— o~
seg=ont F '13"‘It joining the two foci F and F , For each of these cases we consider

all tho possible situations. Notice that (6) and (7) imply

(15) Cos © = ﬁf - 1)-%

Thus writing

m—

4 1 Y
Coaeln(Rl-l)g Cos 6, = R--1)
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v consider

(1.1) . Cos ©, > 0

(1.2) Cos 61 >0

(1.3) Cos ©,<0
(1.4%) \ Cos 9,<0
(2.2) Cos 8, 20
(2.3) Cos ©,40
(2.4) \ Cos ©,<0

: §
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Cos 92 g 0

Cos 02(0

Cos 62 ; 0

Cos 02(0 /

Cos 02 }: 0

Cps 92< 0

Cos 92 2 0

Cos 6,0 /

2

R,>R
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Lot us firot toko up tho caso of "short-timo elliptical trajcctorico™ and assuro
that (1.1) - (2.4) corrcopond to this cese, For "long-tica olliptical paths™ the
sbovo oight oituaticno azain oxhaust all tho posaibilitico cnd, for convenienco,
%o £osr=5 thoy aro nuobored (3.1) - (4.4), respectivoly, Tiwa it is clear that
casca (1.2), (2.3), (3.1), (3.2), (4.1) and (4.3) aro irposoible. (In all casos
o nasu=a that tho vehiclo pasoca from‘ﬁi to ﬁ; in cﬁuntor—clockwino aonoa.) Now

for ccoo (1.1) we may havo the following sub-cases:

(1) /x
‘z" £ F F’ ‘.\\l
g /

By olcmentary trigonometry it is easy to sec that the first two cases yield

- 20 R - VYi-coste, R
€= 1l - Con 01 R2- 1l - Cos > Ry C
|‘1 - 0082 91 ﬁz - '] - Cos2 62 ﬁll
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\‘_' '

or i
(1) € - \/"2162 -(Lr)? B, - \/Rzz €° -(2-n,)* &) P
Y T S PRy
‘ For the last two sub-cases (iii) and (iv)
(1.12) € - /321 &= . (‘Q‘.Iﬁ)z '32 + \/R22€2 - ) ;‘1

| \/321 €% - (4-r)° &, + \/1222 - Ar) 1

In case (1.3) is true the following sub-cases are possible:

(i1)

(141) (iv)

I\

C

— ' —
T Notico that in cases (iii) and (iv_),_Rl and ﬁz are on opposite sides of F F

but 'Hi'ﬁa does not intersect FF,
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Tho oub-cesca (1) and (ii) yiold
i JRZ (2«-('2-!1 )2 _h_ JRZ 62-(18- )2 "I';'
(1.31) €= 1 4B 2 B B
l Rzl £" -(J?-Rl)z sz - \/RZZ £ - (1-32)2 _ffll

and tho sub-cascs (iii), (iv) yicld

—

2 .2 2 B 2 —
- o UREE_EaY B R 2= e
Gsey s V/- 1 1) R V/ 2€ ) B .

- JB ) R, — VB € - (o) i?'l’

If tho ccao (1.4) for the "short-time elliptical path" is true each of the fol-

lowing sub-casos may be true:

(iv)

i
et
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* —
Tho oub-ceaca (4) and (i) yiold tho samo formula for € given by
2 2 2 =r 2 =g 2 —
e) \/R y € = (4r)° R, — \/“ 2 € = (-R)" By

—

| \{/Rzl ¢® - (4-r)° B, — \/n"‘zcz o ol B8 "é‘ll

end for (iii) and (iv)

[ - / ; o
_ \/321 T Rl)2 R,— \/Rzz Ll R2)2 R,

(1.42) ( - ¢

— B - L) Ty \/322 - L) 7,

Yhen R, ¢ R, for the cases (2.1) - (2.4),3 = 91 and_.‘i-z, 62 in the cascs (1.1-1.4)

3 1
aro simply revorsed. EHence
ol £ \/!RZZ g = fls 1) R - \/112152 - (L-r)? E, )
| \/R22 62 _ - Rz)z Til _= V{R_ZI 2 _ (L Rl)z -§2‘
(2.12) 7 \ﬁzz ¢ - L)+ \/32152 -¥-r) T ¢
I \/322(2 = (1) R + \/R‘?l &° & (-Q-nl)2 R, ’
e . \/n22 - L-R)\E ~ -\/nzlgz - ) g G
l \/12‘22 ¢¢ - B-r)"E - \/p‘21€2 - (Lm* T l
(2.22) 7. - \/Rzz - UL-n)* E ~ \/Rzl - W-r)’R, P

(2.41) 7 \/RazGz - P Rz)2 E1 B \/R‘?ﬁ2 - (£ R1)2 R,

al \/Rzzéz-(‘/-nz)z—%‘ \/R21 2 _ 'Rl)zﬁ;l
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g .2 b (B 2 ,2 2 —

(2.42) €= "\/R?-’€ - {-1,)° Ry = \/R1€ - -n)°
|\ €% - ()T SR € 2|3

Fye” - =Ha) By = Ry '("Rl)lR2

vhoro (2.11) cnd (2,12) corrcapond to (i), (ii) and (4ii), (iv) of caso (1.1) with

€

'ﬁi and'ﬁé roverseds (2.21) and (2.22) corrcspond to (i), (ii) and (iii), (4v) of
caso (1.3), respoctively, with Tfl u.ml_f?.n2 reversod; (2.41) and (2.42) correspond to
(1), (1) and (4ii), (iv), reopectively, of case (1.4) with R, end R, reverscd.

In tho cese of "leng-tioc elliptical paths™ the cherd jcining‘ﬁi and'ﬁé
intorsocts the line scgmcnt'-?f joining the two foci., Consequently, there cre

cnly tuo oub-cases to be considered for each of the cases (3.3), (3.4), (4.2) and

(4.4). 1In tho case of (3.3)

Both of thesec sub-cases yield
2 a8 s = 2 »i 2 ==
(3.31) -~ - \/R 1€°--R)" R, - \/R €% - L-R)° E]

= €
|" \/1:‘21‘52 - (4- R:L)2 R, - \/’?262 - (L= Ry —ﬁ_,




C
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For the case (3.4)

(11)

and in both cases

- 2 2 2 —
(3.41) E= = \/R21€2 - Rl)2 iy = \/R , €7 - A R)" R,
[ ‘\/R21€2 - (Lom)® T, - \/Rzzez - (Z-1)° &

end is oxactly the same as (3.31). For the cases (4.2) and (4.4) we simply

interchange Ti‘l and _ffz yielding

(4.21),(4.41) : _ %
= __\/1122 = (45112)2 R - \/32162 - Hl)2 R, 7
l-\/ﬁzz £ k. 32)2 - \/Rzlé2 - (4- Rl)2 'sz

which 4o thé same as (3.41). Now for the case of "short-time elliptical paths"
we £ind by observing the above figures that the sub-cases (i) and (ii) are more

desirable than (iii) and (iv). Consequently, we write
JE€2 - Lo E, - (W) |
| V- iy,

R 262_(7- 200 . 2 e?_ Z_r)R T
an €= - i R2€1fnl<n2

| Vet len’ - (Fet -l

) Ew

—E£if R, >R,
Rzae.z i bl Rz)z. -ﬁ-ll
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In tho ccoo of long-timo olliptical paths is given by

P 2= 2 _2 2 =
tas) _gg _ /nzc’ -(«é’-na) L~ \/Rlé - (- Rr)° By

2 €2 _ (( 2 =~ 2 .2 g =
VR €T - (L=Rr)" R - R €° - (4 - R)° T,
for boii ccoea Ry> R, and Ry<R,. If the formulas (16) add (17) do not yield

deaircd solutions to the round-trip problem, one may try replacing (16) with:

(1.12) if E{i- -1end ‘1’1—1}-- 1 cro both positive; (1.32) if Ri - 1< 0; ard replace
Y

(17) vith (2.12) if %ﬂ- -1>0 and . > 0, (2.22) 1f‘—‘1-- 1< 0,
1 = S = R

Roturning to the problea of finding a round-trip trajoctory to one terget
planot vwo may now calculate the vector —€; Since the departing elliptical tra-
Jjectory is nooumcd to be a short-tima elliptical path, ?1 i3 calculated by (16) or
(17) if c°> Cop ©OF c°< CCA.respectively, by m.ﬂm‘l::'.'m.z‘ci:ﬂg-l:«'h1 ='€o, —fl—z ="é'CA,f-= .4,
and €= € 1°

N¢: o3 the vehicle passes the target planet it will interact with the targot
planct's gravitational field (i.e., with the target planet's zotion) and, conscjuently,
caorsy vwill be exchanged, Thus, in general, the total energy El of the vehicle
vith rcapeet to Z before entoring 7~ will be different from the total energy E2
of tho vchiclo after leaving 7~. Hence, since total energy = potential energy +

kinetic cnergy we write by employing (8)

1) 1)
1 1
L, = == +3 P a2 4 p(d— . 1
o ry b § o 8'Cay 2&1
1]
B 2 8 1
2 T, 2 cCA 8'Coy 253

Henco, in genoral, a, ¥ a5. In some cases, if T = t;, - t  is ncar T, tho offcct
of tha targot planct may incroasoe the vehicle's total enorgy such that it posoca
ocut of 7-on a hyporbolic trajcctory relative to the sun, This situation will not bo
conoldcrcd oinco high initial onorgies would have to be impartcd to the vchicle.at

tho becinning of ito journey. If, perhaps, this is desired one may still solvo

{20 problem by uocing different formulao, all of which appear in this paper. Thus
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we assume the .veh:lcle returns to the launch planet on an elliptical path. This
returning trajectory may be either a short-time or a long-time elliptical path,
The vehicle may also make one or more circuits of the sun on its returning tra-
jectory before intercepting its launch planet. The time T, which the vehicle
requires to pass from-f!-l to 'ﬁ-z after first making k complete circuits of the sun,

corresponding to these situations is given by

(1_9) T = \/:—? {‘4‘1--122 + ain'1:2 o Thmt - i ain-lzls + kP

1
and
- [ o2 J 2
(20) T = ;— {n+ 1-:22 + sint

J 2 -1
x + l-x ", + sin x13+ kP
respectively, where a is its semi-major axis, X, X, are as given in (12) and

2 |

a3
P==2n Ty is the time the vehicle takes to complete one circuit of the sun.
The eccentricity corresponding to (19) is given by (13) and corresponding to the

case of long-time elliptical paths it is given by

~ 2. %
(21) €= {1 -R—1R22 (s-R)) (s-R,) (1-xx; - ‘/1-x12 ‘/1-::22)]

It should be borne in mind that at this point we are free in theory to make
the following statements:

The vehicle returns on a short-time elliptical pathwithk=o0oork=1

or any arbitrary positive integer.

The vehicle returns on a long-time elliptical path with k = 0 or k = 1 or any

arbitrary positive integer.
These statements are possible because of the unique way of stating the initial
conditions, The determining factor will be ;he distance of closest approach cor-
responding to egeh of the above choices.

In most cases short flight times will be desired hence we set k = 0 and assume
that tkhe vehicle returns on a short-time elliptical path, Since ?2 is very close
to—eCA ve gubatitute T =ty -t 8 =2y, -Rhl ‘-EEA’ -ha = E; :hﬁ(tj) and iTR;= u(tj)

into (19) whera"?(tj) and u(t3) are known vector and scalar functions of the



.
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variaoblo t3. Conacquently, wo have an equation relating a3 and t3:
a’ I + P(t5)-u(t,)12 + P(t;)-u(t)
(22) ty-to, = u_l V1- [1 e > 2 ] + sin~? [1— > ]
o a3 a3

cn, + P(t-)4u(ty) e c,, + P(t )+ult,)
) Vé; [1_ cA s 3 ] _ sin-l[ ) —CA 5 ]
&3 s

Since rccoanaisaaonco trajectory problems will employ large digital computers, tho
fuactional rolation botween oy and the variable t3. 85 = Lj(tB) erpressed by the
above cquation, shall be taken to represont a large table of numerical values of '3'5
coric3ponding te a set of reasonable values of the variable t.j. These values of 33
corrcapending to various values of t3 can easily be calculatcd by the method given
in the cbove reference. Henceforth, if f(x) and_f(x) are eny known scalar end
vector functions of a variable x we shall think of f(x) and F(x) as tables of f
md?varaus x calculated over some set {zil of the variable and stored in the

f
coagutor. .

Ccasequently, substituting the tables & = a 'ﬁ‘z = 'i;(t'p’i)’ R.R, = CCAP(t

- .
into (13), GB(tB) is obtained. We then calculate 63(1:3) by (16) or (17) depending

on uacther Ccp” ©3 OF © 30 respectively, and b= .Zj(t,j) = a}(t3)(_1_ €23(t3)),

R
W =T B =Fty), €= €5(t5) ana
calculate hj(t ) by (14) with—é? (t ) =a ('I: (1= € (t ) replacing .é CA
replacing € and P(t3) replacing cCA’

New if the vehicle is in 7~
(23) T =T+,
whora T 4o tho position vector of the vehicle and T is the position vector of the

targot planot with respect to ): . The vector 713 the position vector of the

vohiclo with rospect to X '. If 'fa denotes the velocity vector of the target planet

vith roapoct to X at time 1:c " then according to the second basic assumption,

differontinting the above equation yields

p— — —

(24) VoeVy o+ V

-~
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vhoro—?and-{" are the velocity vectors of the vehicle with respect to Z and
E:'. rtspectivoly Consequently, (24) yields

Z-VQ-PVZ

— — -
o VZ-V-'F = 2+2§~-?' +V'2

- St o Sl Mg AR TR
V= VT, - VZQ + ﬁ&“'z +73
In view of (8)
V.2 - uq(i,—lf - %2-) vE - uq(% +'3‘:)
Hence since [, = (%,
via . véz
Thus
v, - V.= 2. Oy =¥
Now from (24) —;2 -'Vl = —5.2 -_"1
(25) -vz?_,_vz1 _ 2-,;3,(;,;_-;1)
By (5) the vector_\?l can be calculated by
_hl -:lq* x (?:‘u-i- —é-l)

since T. T, is very close to CCA. The tablaqi'h (t ) may also be calculated by

(t)- h3(t)z(cu+?(t)

Making use of (8) we write

v =u&E -l V,(ty) = —(-
4 Wi % ( ca tB))
Substituting the above ‘results into (25) we obtain
1_ 1 - ) 1 - A — --1_...'... P —
- (2) ua(.l - ;(?3)) = &, [23—(1;) By(ty) x (6, + €5(t5) h 2(8) # 61)].
The solution of this important equation is obtained by comparing the table
2V« (Vy(tg) - V,)
vith the table " (__ )
n3( t,)
and finding that value of t3 trhich gives the corresponding entries in the two

tables identical (or nearly identical) values,
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After obtaining a solution t, of (26) the quantities

3
-

e ok a & S
o= a3(ty) € =€50y) Ly =24(ty) by =hy(ty)

are calculated, Hence by (24) and (5)

s - Ee 1] = A - a
(27) i'vl‘vq'lzhl‘("cn'*el)'vq
- o F. o - e - -
(28) Y;-Vz - -j;hax (cca +€,) -%

and W2, W? are calculated, Since in theory V] = V) we campute

the average

(29) 7= 3 (*.ri2 + V!

2
57)

and employ (8) to obtain

”
(30) az-?z - z’_ﬁg
VD -2 44 v

For hyperbolic conic sections the eccentricity € is given by

G-J“(E-)

where according to the figure on page 2

b
tanﬁm= -

Consequently by the third basic assumption

eza-l-l-tanzﬂ*-uc

Now from the figure we write

'{"' ° Vi = V! V! cos 2 (%-

1 2 1 2 f)*)

=--ViV cos 2 @
-7V (Q-2cos’ g,)

b
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VW - T

... coaz ﬁ » e #;—2
1 1
271 72

from which we obtain

27! W '
(1) €, = j L2
(RN T

b 21 2

After calculating a, and (-_‘2 by (30) and (31) the distance of
closest approach d may be calculated by

d=a, (€,-1)- Bq
which is evident from the figure of the hyperbola,
If the distance of closest approach turns out to be negative we

conclude that the vehicle cannot return to the launch planet on a short-
time elliptical path without first making at least one complete circuit

of the sun, Consequently, returning to the choices given on page 20 ,
we may let the vehicle make one circuit of the sum before it intercepts
the launch planet thus changing k=0to k=1 which will simply

result in t.he addition of the tem
-

Bl ke
A
to the right hand side of (22) and repeat the calculations using the
same formulas, On the other hand if we assume that the vehicle returns
on a long-time elliptical path without making a ccnpiete circuit of
the sun, then if the resulting distance of closest approach turns out
to be positive a shorter flight time will be possible, Hence, we replace

(22) vy
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3 2"
(32) t, - tCA- 3— x 1_[l_cm+P(t3 Hu (t'j )] + sin"l [1_°C‘+p(t3 )"u (t's )
3 As 2,

-
=
. J = [:_ cmw(%)ﬂ(tjil . 'm_l[l_cm*'!’(tB)ﬂ(t?' ﬂ
oy 2,

The machine shall then proceed by calculating a new table 8, =a, (t.3)
corresponding to the set {tBi] of expected values of t3 by solving
for a, in (32) for each tBi of {tBi] . Substituting this table
(i,e., each entry of the table corresponding to each tBi) into (21) we
obtain the table € ,(t;). The table of vectors €,(t,) is calculated
by (18) with A = !3(':.3) = a,(t,)Q -Eg(ts)?l 51 = :cr 52 -F(ts)
and € = €3(t.3). After obtaining the table € 3(t.s) the above steps are
repeated using the same formulas, If the resulting value of d remains
negative and the initial conditions to’ tc A remain unchanged the
vehicle must make at least one circuit of the sun before it can return
to the launch planet after leaving the vicinity of the target planet,
Consequently one is forced to change the initial values of to' tm and
perhaps consider long-time departing trajectories.

Suppose one of the above calculations of d yields a ressonable
value for the distance of closest approach, Then since "!2 = 1.2(6' g -1),

an application of (7) yields

(33) h, = j-z(eg-l)/%'

=

Since (:‘2
el
since Vi s Vé the vector € o may easily be calculated by the formula

~ Y -y
(34) €= ‘Hl P
lvl -V

is along the direction of perihelion with respect to S and
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1 -t ;
where ?l and V, are given by (27) and (28)., Also since -}:2 is

perpendicular to the plane of motion in 7” and passes from 51 to
- I
p2 with respect to Z the wvector ;2 may be obtained by the formula

(35) -1
I e
1 =%
Employing (3) we cobtain
=y a e 2
(36) B=Gr Waxn-E)E5 o |
Q ) (clz:s czzcu)
= -l ik - T
i pz"/i_quxhz'ez)(ﬁ)s ©2

The.amount of time At the vehicle spends in 7’ can be calculated by
€= &,

(11) substituting a =a, € =€, =4 ,with M and m equal to

the mass of the sun and target planet respectively consequently

(38) tl-=t“-ﬁat tz-tc*-bint
from which ©, and ¢, can be obtained
'c?l - 6(t1) | '52 w E(tz)
Thus by (23)
(39) n =5+ PRy

The solution will be complete when the position vector and corresponding
velocity vector of the vehicle are found as functions of time, Since
t;l:.ia will involve a great amount of computation the quantities ?1 2 ‘51 :
ez';z:gj-% ad T, ,5 ,52, should be refined, This can
be easily accomplished by & method of successive approximations given in

the appendix,
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We now develop some important general formulas from which the
complete solution may be calculated, Consider any elliptical trajectory
which takes a vehicle fram :ll to -ﬁz such that 4 il‘ﬁz < 180°,

Thus from this figure it is clear that the vectors

(40) R +3@®,-8)

A
n

= (n-ole---N)
R T ]
represent a set {Gn} of unit position vectors of the vehicle as it
passes from El to 32. Notice that if n =0, Qo -?1 and n=N
A ”~
Yyields oy = 32.
is obtained by constructing three subsets {un} (n=0,1,... Nl-l),
{enJ (=N, N4, .., N+, -1) and {on} (n = N H,, N4, +1, ...
N, + N, + IB = N).

Irf BR, > 180" the set §5.} (@=0, 1,2, ...

8 § 2
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A E + %' (iz - -i:l.)
(kl.l) oll o am— i i e (n - 0’1’ eee N!' = 1)
%, + 3., -0
i n-li
(11.2) °, - e Ll B s L 31) (n=N', N' +1, ,,.N' #"1)
& +5¥a, - £)
L ‘,’;‘ +
(u.3) °n = .51 N' (BL i (n.xi.ﬂp’ N 4+N® .|.1”"
~NI1_N®
|'Bl e (31m2)| N' 4™+ N"1 = N)

A A A A T A -3 A
Notice that o = R), oy = =Ry, Oy g = -B) and oy, yuym ™ 0y _'32.
Thus this set {gn} (n=0,1, ... N) also rapraﬁanta a set of unit position
vectors of the vehicle as it passes fraa E, to R, suchthat 4 R R,>180°,
Baploying (5) the set {?n} of velocity vectors corresponding to the
vehicles set {/I;n} of unit position vectors can be calculated

e

*2) V= Fhx @ +E). (= 031, .. W)

From (6) the magnitude of the vehicles position vectors can be calculated,
Thus

- A z A
("3) °n % unon g A n

146 . €

The set {tn} corresponding to the time when the vehicle is at :n
can be easily calculated by (19) for short-time trajectories or (20) for
long-time elliptical paths by setting k = 0 and

R o tel

= - ...-S--]_-
H = =1-3 -
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+0 + 2+02-2":' -
-1_?1_2‘31 et L

2a

e e T MR

*m

2a
-] 5-+° -J BI+ ;-%. L

*n2

and T = t to where t e is the known time when the wvehicle is at

3
(4k) St =t -;7 F-{z + 8in"0x , = [1-xZ - sin™ x o

or
(45) t,=t +’ :+,1-xh2 + sin" x +‘ l-znl-bain x

Consider the determination of {an} for hyperbolic trajectories,
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Thus by the above figure we obtain the formulas

(106.1) g - (n - ojlj eve) Nt -1)

s € n—-!' (3-2-€J
n I€+n-ﬂ (Ez‘e)l

(46.2) (n= N', N'+1, ,,., 2N' = })

The corresponding set of velocity vectors {V can be calculated fram

(42) noting that in this case £ = a(€ %-1). The magnitude of the position
vectors can be also obtained from (6) and hence by (43) the set i.:n}

can be calculated, The time the wvehicle takes to pass fram El to !‘2'2

on hyperbolic trajectories can be expressed as

(47) : - -J —-{ lyl - cosh Y5 , ) A+ cosh 1 )
(48) Y- ’i— ’yl 1 - cosh+ yl-d 7, 23 - cosk™> 7,

where

corresponding to short-time and long-time hyperbolic path respectively
(see technical memo 312-118), If this flight time is known the type of
hyperbolic path can be determined by substituting into (47) and (48)
the values of N and ¥, corresponding to .ﬁl and ?2 and observing
which formula yields the correct flight time,

With the aid of these formulas the solution can be readily calculated.
Let us now denote the times when the vehicle enters and leaves the sphere

of influence of the target planet by tll and tnz respectively, lLet
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the time when the vehicle completes its journey be denoted by 1;N instead
of t}‘ 3

Since we assume in the figures drawn for elliptic trajectories that
the vehicle passes from E.l to EZ in a counter clockwise direction the
angular momentum vector -t: always points up out of the paper. Thus the
angle J T, ‘ﬁi % 180° if and only if

i
c

(49)

x A
+——L_h1=0
B

H =)

H

e
Consequently the first set of position and velocity vectors {::} ,{Vn}
at times tn of the vehicle on its departing elliptical trajectory can be
easily calculated by (40) or (41.1, 41.2, 41.3) depending on whether (49)
is or is not satisfied respectively; employing the results in (42) and (43)
et oo -
to obtain Vn and rrn} and substituting {"'n into (44) (since for
definiteness we have assumed a short-time elliptical deporting trajection)

wepbtain the corresponding set of times {tn}' Thus if

-h -
xr
0 1
e, X T
-- n -t
A o °o+ilGl'°o)
o_n |- n (_‘ -‘)I (ngo'l'tionl)
°0+Nl 1" %
if
e -l
c. XTI
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(o= 0,1; svs N -1)

-— ; - (n.ni,ni+1,...ni+n'1'-1)
(;1'c |

n — — ——— (o = N! + K", N! + K" 4+ 1, ...,
: -, + D N! N"'J (co & r]_) 1l s S 1
N K+ N] + K= Nl)

where Nl is the total number of observations one wishes to carry out while
the vehicle is on its departing trajectory. Referring to the figure on
Page 27a the numbers Ni » N" and H’]"' are the number of observations

1 — — —
one wishes to perform when the vehicle is on the arcs A B, BC and CD

1l
¥ e,
results are substituted into (42) to obtain a corresponding set {‘Vn}

respectively such that Ni + N + N‘l" = li. After calculating this set the

(=0, 1, «cc Nl) of velocity vectors.

v = L T & 3 =
v Z b x (& + €1) (a=0,1, ..o N)
The set of position vectors i;n} is calculated by
ﬂ]
-;ng A e ?" (11-0,1. ...N)
1+ o, el n ' 1

The corresponding set tn} is calculated by

a
tn=t°+ :S F-xnz + 8in xz-ll-x]-un xn.l
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where J 25 -
' C 40+ c_+0 =2cCc_ e0
b 4 = ] = - n L I n
nl 2a
A
c + l 2+a- 2T ‘= ‘
: o ° rn- co crn_
n2 2a

(n = 0'1' see Hl)

When the vehicle enters the sphere of influence of the target planet its
— .

position and velocity vectors ipn = i?l'i] along with { tn} can

be obtained by first calculating [ n} by (46.1) and (46.2). Changing
i

i i i
the notation of pl and % to % and pn respectively
A’
—
xR, M (€,-R)
p 1 N 2 N
n ——r (n =K. . N 'l- 1l N, + N! - 1)
n-N 1’ ’ ...' 1 2
IR + 2 I
g‘ N! ( 2 et ﬁnl)
2
N
P €2 o oN,-¥ DL
R ol J .
- 1
n I? +n—ﬂ —Né (b‘. _6“- )I (IHN“'H 1 +l|o..'N +2N2I=N2
2 —
Né N, 2
where 2Né is the total number of observations ae wiss to perform when the

vehicle is in the vicinity of the target planet (i.e., in its sphere of
B
influence). The corresponding set Yl;} of the vehicles velocity vectors

'
with respect to 2 is calculated by

- A -
v'-t hx(0,+€,) (a=K,K +1,..,5)

The position vectors {Q} are calculated by

- Y4 A

R, - ﬁ A - (=8, +1, .., K)
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By substituting Q] and Q‘z for '51 and '52 in (47) ana (48)

and comparing the results with tN 1:li A t one can determine whether

2 1
the byperbolic path in T with respect to z is of the short-time or long-

time type. Consequentl

aly 2 -1 r z 2 -1
tn=tnl+ 7 ynl-l - cosh R yn2-1+coah Yp2

’ 2

a - 2 -]

2 ' 2 1 o) w h

— -1 =cosh " Y.+ |¥ .1 cos Y
tn = tnl + U Ynl nl n2 n2

Q
for short and long time types respectively and where

R, R 4Ps, Pi-Pu.P

ynl-:l-l- —
s
2 A2 S =
&1+2-Jpﬂlwn-2% pn
yn2=1+ 1
2,

and n = Nl' Nl +1, eoe Nz. This set may also be obtained by employing

(11) which holds for both short and long time cases.

tn'*(tN +tN)'j;'z‘ i4&2pn' g(eg"
> log g (f + 2a, p (('.'2-1) +p +a))
2%

{ ]
forn=ﬂ1, Nl-i-l, T Hl-l- N2 such that tul*né-tnl-i-i’At:
He, +¢. ).
L3 1;“2
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tngtﬁl+ﬁé+a'tn +tnz-t" +H - (J=1,2....ué)

1 p L 2
so that n in this formula ranges from n=Hl+Né+l to
1] L]
ns= Hl + N2 + N2 = N2 +« The values of tNl & Hé - are first computed

from the previous formula. One may use both methods for the computation of

{ tn} (n=N, Hl + lyeeep Nz) to check one against the other. With respect

toz

Opn = Q(tn) + pn

(n = Hl, Hl + 1' eee 9 Nz)
-l e Vl
VvV = V. +
n Q n
-h
where YQ is taken as the velocity of the target planet when the vehicle makes

its closest approach at time tCA = tN1 + Né .
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The solution corresponding to the returning elliptical trajectory
proceeds by calculating

- n-N2 P
Tt qr— (23 -7)
sni 2 3 3 2 (n‘l&,}‘z*l,‘..n"}" .H)
27— Gy-T
3
- =l
ir Ty X C3 o 33
- =
|r21c3|

where N! 3 is the total number of obtservations made of the vehicle on its

-t
returning ellipse Ir ™ x c3 ~ -)‘;3 these vectors are calculated
- -
by - - |’2 % cJ
—~ n-K(-e3-1))
To + Y0
L . 3 n=N N> + coe + N'a o
%n - na- Nz"( = 2 )l ( 2> N2 + 1, s N2 3-1)
r, + = -C3 = T,

ne=- - N! — -
el R T
;s 3 (n =N+ Nigy Ny + Nig + 1,000

Un'
n-N - N
-3, . 2" 3 (c5-T7p) Ny + Nig+ Nty 1)
N'l
3
Tp+n-N-Ngy-Ny
& = Nyve (, + 2y

(n= NZ + Nj + Ni', N, + N§ + NE'* 1,00

-rz+n-N2-N'3-N§'
lel

SRR

(r, +¢5)
where

Hz . N_J., * Né' + NB" = N3 and by observing the figure on page 27s, N5 is ihe
mmber of cbservations 'made when the wvehicle is on ﬁ Né' is the number of
observations made when the vehicle is on B¢ and Nyr? .ia the number of observations
made wihen the vehicle is on &). The total mmber of observations performed on

the vehicle on its returning trajectory is N§ + Hé' + Né".
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The corresponding velocity vectors are calculated by
- ]_' —
V. - J3 FB x (en + 63) (n= Noy Np + 1,°°°, N3)
The position vectors are obtained by
"3
- e e N [ ]
°n T 1 4+ 40 Sn (n= Ny Ny +1,°°° N3)
n €3

The time t, when the vehicle is at O, with velocity ¥, can be calculated

by

3

1/‘3 / 2 -1 1[ o . .
tn-tNB- s l-xp+sin” xp - f1=-x -5in xp

or 3
a
tn-tNB- P—z_ru 1-x:2 +sin-1xnz+ 1= x5y +si.n-1xnl

depending on whether the vehicle returns on a short or long time ellip-

tical trajectory respectively where

-

2
°3*°n*¢°3*°i'2€3°°n

xln-l-

233
12-1 c3+on-‘/%+oﬁ-2:3.3n
n . - 2a
3

with n = Kyy Np + 1yeee N3

The above calculations represent a complete solution for the problem
of determining a reconnaissance trajectory for a vehicle launched at t,
from a certain launch planet, making a closest approach to a certain
target planet at t ,, and returning to the launch planet, Suppose these
initial conditions yield the value a = a; for the departing elliptical
trajectories which is of the short time type. Then by observing the
formula for long-time elliptical paths if
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ﬂ- i ; ) :]; + 1 24.;-1 + 1 2 -1
Fovato = g (oo el oy

S co + Qt,) *+ co QltL)

xl-l- -2a1

Co * QUEL,) - coQ(tan)
X = 1- 2a;

yields a solution for t},, there will in most cases be four distinct
possible reconnaissance trajectories with k = O taking the vehicle from
the launch planet at the same launch time t, and the same energy.

(1) short-time departing elliptical trajectory making closest

approach to target planet at t ca’ short time returning ellip-
tical trajectory withk = O,

(11) short-time departing elliptical trajectory making closest
approach to target planet at t ,,; long-time returning
elliptical trajectory withk =0,

(111) long-time departing elliptical trajectory making closest
approach to target planet at tLy3 short-time returning tra-
Jectory, k = 0,

(iv) long-time departing elliptical trajectory making closest
approach to target planet at t!,; long-time returning tra-
Jectory, k.= 0,

It is conceivable that a reconnaissance wvehicle may be required to
visit more than one planet before returning to its launch planet, This,
of course, would require a very accurate guidance system, Such systenms
will no doubt be developed, hence, we are motivated to consider such
reconnaissance missions, The statement of the problem shall be formu-
lated as follows:

Assuming that the basic assumptions I, II and III hold, find a
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trajectory of 2 Tshiele 'aunched from the"cente:r® of a given planet at
the prescribed time t,2s which makes a closest approach to the first
planet to be observed at the prescribed time tyen and contimue on a
Journey of visiting N-1 more planets in a prescribed order and return
t0o the launch planet,

An example of such & reconnaissance mission may be the following:
at tgothe vehicle leaves the ‘center of the earth and makes a closest
approach to the first planet Venus at time t,.,. It then proceeds to
visit the remaining N-1 planets in the following order:

Mars

Earth

Saturn
Pluto

Jupiter
Earth
In this problem we shall make use of the following notation:
1

(a) Z 3 = moving frame of reference centered at center of j'th
planet whose axes are kept parallel to the axes of a primary
inertial frame having origin fixed at center of sun
(3 = 1,240 N)

(v) TJ = sphere of influence of j'th planet (j = 1,°*+, N)

(e) —c"oz = position vector of launch planet and initial position
vector of vehicle at beginning of mission at time to2

(a) ?3,1 ;j,z = position vectors of vehicle as it enters and
leaves TJ respectively at time tj) and *';12 (3 = 1,2,00+, N)

-l
(e) pjl, ﬁjz = position vectors of vehicle as it enters and
leaves TJ respectively with respect to Z 3
(£) Sj1s Sjens Sjp = Position vectors of j'th planet when vehicle
enters T:j’ makes its closest approach, and leaves T'J respectively

at time tjl’ tJGA’ and tdz
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(g)

(h)

(1)

(3)
(k)

(1)

(m)

(n)

(o)

(»)

{q)
(r)
(s)

.2

Cy+1,1 T position vector of launch planet and vehicle at
H

end of mission at time t'N+1,1

fj(t) = known position wector of j'th planet expressed as a
vector function of time (j = 0,1,°** N+1) j=Oand J=N+1

corresponds to the launch planet

Tyq Tpp = f trajectory from T, to T
ij Txy arc of trajectory s:am::-.,LJ )

e, - =
rij rkl = distance between rij and )

E'j’ §412 e'-' 541 = vector trajectory parameters corresponding
td

to are Ty 5 Ty (3 = 0, 1,°°°N)

—
B'J EJ = vector trajectory parameters corresponding to arc

?‘J s} ® velocity of j'th planet when vehicle makes its closest

approach at time t;jc.k

7‘ ’ TJ" = velocity of vehicle as it enters and leaves T, with
R - J

respect toz

T, T
]

vy, '

with respect toz 3

velocity of wvehicle as it enters and leaves T;j

d, = distance of closest approach to j'th planets surface

J
(3 = 1,25000, N)

Rj = radius of j'th planet

).13 = G'J where m‘.j is mass of j'th planet

Frpj = angular momentum of j'th planet.

A solution (first approximation but still very close to exact solution) then

proceeds by the following stepa:
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(1)
(i1)

(1i1)

(iv)
(v)

(vi)

(vii)

(viid)

(ix)

(x)
(xi)

(xii)

(xiii)

(xiv)

sy

assume €02 T11 is a short time elliptical path

P — — —_
calculate a_, by (12) with Ry=cCp0 Ry =Ty Tmtyr, =t o,
and p = My

o ad — i —

calculate € , by (13) with Ry =T, Ry =Ty, anda=a,
obtained from (ii)

calculate i = (1 - 2 )

ol 01

calculate h L by (14) with T, y cCA ek and—t‘i

by ‘Pol obtained from (iv) where the sign is chosen so that T;:l- Th;,‘,) 0
— ‘"

calculate € , by

replaced by °02’ e

o 62" “0A;

.- _ i P = j
By =S Ry =S $=4y €=€y
assume r/];\ T is a short-time elliptical path which makes k = 0

circuits of the sun

calculate ‘12("2{:;) by (19) withk =0, T = t

tooa = ticar By = Cyonr
— — e
Ry = Cycy = Po(tye,) ByRy = c0,P(ty,,) (known function of t,,)

calculate €,,(t,,,) by (13) with a = alz(t

-Rﬁ_-

2ca)r Ry = Sy

Ry = Pyltyey)s BBy = cyeyPo(tye,)

calculate 4{2&2&1) = ‘12&204&) (1- Gzlz(tzca))

calculate ?12(“2(: 4) by (16) 4f ¢,0\> €y, or (A7) 4f €, < Copy
with By = S0, By = Fylty, )= 4,(tyg,) € = €5(ty,)
calculate h12(tzca) by (14) withc - °CA replaced by chA’ Top &0
!1 by / o(tsg,) where the sign is chosen so thath B s hP1>0

calculate t,,, explicitly by (26) with 8, =a, 33(t )=a (tzu)'

=Ly Altg) =440 B by hol' € = € hs(t ) =Tpltyey)
= ) _{'- = V
€ 3“5) Epoltagy) Yy =TVyg, Sy =80,
if above solution for t,., does not exist (i.e., not reasonable)
assume @21 is a long-time elliptical path which makes k = O

circuits of the sun; if t,., has reasonable value, proceed to (xxviii)
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(xv)
(xvi)
(xvii)
(xviii)
(xix)
(xx)

(xxi)
(xxii)
(xxiii)
(xxiv)

(xxv)

(xxvii)

(xxviii)

(xxix)

replace (19) of (viii) by (20) and calculate alz(tzch)

replace (13) of (ix) by (21) and calculate €12(t2{:1)
2

calculate new values for 'jlz(tZCA) - ‘12(?'20&) (1-€ 12(1:201))

calculate €,,(t,,,) by step (xi) replacing (16) or (17) vy (18)

repeat (xii) using the new table for !12(17201)

calculate new value for t2CA by repeating step (xiii) using the aew

value for ‘12("201) le(tZCA)’-E;.E(tZCA)"?‘12“201)

P
02 T11
is a long-time elliptical path; if new value for tZC A is reasonable,

if new solution for t2C A is still not reasonable, assume ¢

proceed to (xxviii)

repeat (ii) replacing (12) by (20) with k = 0

repeat (iii) replacing (13) by (21)

repeat (iv) and (v)

repeat (vi) by replacing (16) or (17) with (18)

repeat (vii) through (xx)

if resulting values of tZCA are still not reasonable repeat (1)
through (xxvi), (if necessary) replacing k = O with k = 1,2,...

except in step (xxii)

o

calculate a,,, '812, €12 and h,, by substituting in aR(tZCA)'
2

12(1‘2“) ?-12("20&) md-ﬁu(‘zcﬁ the first reasonable solution

for tzc A

el L

calculate V., and V,, by (5) with p = by s En chA' ar o1’

23 ®
and h -?12, €= €y respectively

s — ( — — i, - i
calculate V,, and V,, by 24) with R =Viey V=V, and V=V

respectively

2 e 2 2

]
calculate &, by (29) and (30) with v, = vn v

calculate €, by (31) with V v B, W -'ir'

11' 12
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(oxiii) caleulate d, = o,( €, -1) - R

If d,> 0, repeating (vii) through (xxxiii) with J = 1 replaced by J = 2
will yield d,. If d,>0 (vii) through (xxxiii) are repeated replacing j = 2 by

J =3 yielding d.5 This process is repeated until either all d,) O or stops when

J

the first di< O, in which case, the next best value of t is calculated and

iCA

the process is continued. When all d,) O the calculation continues by calculating

€40 2y

J

(3 =1,2,...X) by (34) and (35) by replacing V vl. v by V "31' , and

€= €pmp=by= Vi = \[ay(€%) - 1y

calculate the amount of time (At) y the vehicle spends in 73 by (11) with

At = (M)J a= 'j' b= H-J. m =n3 = mass of j'th planet € = E‘j

calculate tj and tjz by (38) with t) = tjl, = tjz. toy = tju
At = (at)j (J = 1'2'.00|H)
e —_— — — |
calculate Fjl and /32 by (36) and (37) with ko = By V=V, ,m= m,
V=V
calculate rjl and 1-‘sz by (39) with T, T, = rjl' Pj(t;jl)’ c Pj(tjz)'

Fl F' P" 52

The complete solution Fl:n% i F’; } ; {tng can now be calculated by employing

the formulas developed on pages 27-30 in the same fashion as was done for the case

N = 1. Before this calculation begins (J 5417 hJ d+1' 85 5417 _,{1 3+1(3=o. yeooN)

and €J. by a ..é (3=1,2,...N) and rjl, p 520 (‘31 ,02 should be refined.
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In conclusion, we notice the remarkable fact that if E is th_o total helio-
centric energy of a departing free-fall reconnaissance vehicle to one planet and back,
it may be possible to send the vehicle on a trajectory which will take it to N-1
more planets before returning to its launch planet without any appreciable change

in E.
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' APPENDIX

One may proceed by the following method of successive approximations’
to obtain values of ? ,TI; ?2_1;2, €3 -!'1; and -:"1 ';2' l-é; (‘_9; corresponding to
a round-trip reconnaissance trajectory to one planet and back which are
arbitrarily close to the exact values of these quantities, In cases where N>1
the process is very similar to that given below and hence will not be explicitly
written out.

Suppose ?i(k) 'T:"l(k) altk), ces IB(k) corresponds to the k'th approxima-
tion of these quantities., The k+l'th approximation can be calculated as follows:

calculate al(k*l’ by (12) vith R, =T, R, =7. %), p = ¢ (&) _ £,

d o2 1 1
calculate 61(k+l) by (13) ﬂith_ﬁl --:o'-ﬁ? '-;l(k)! i al(k+l)

k- I
calculate € 1(“*1) by same formula used to calculate _Cl(k) with

js‘gl(k‘fl) - 51(k+1)(1 - el(k'i-l) ) i} ._E-o’ .ﬁna :?l(k)

—
calcum;eil(k*l) b R G st T R R, =7,

-ﬁ*e ,—;l(k) A 4(“1)

calculate as(k"'l) (t3(k+l)) by same formula used to calculate as(k)(t3(k))

e E, =_r-2(k), %, -‘13'(1;3(“*1)) i 1;3(1:«&1) . 1;2(15)’ - 33(k+l)(t3(k+1))

calculate € 3(k+1)(t3(k+l)) by same formula used to calculate €3(k) (t3(k))
(k-l-l) (ts (k'i'l) )

with Ti‘l =?2(k) _1:'!'2 -?(ts(kﬂ')) a=ea,

2
calculate j3(k+1)(t3(k+l)) - 33(1""1)(,;3(1!*1)) [1_ €3(k+1) (t3(k+1))]
caicdiste '€3(k+1)(t3(k+1)) by same formila used to calculate ?B(k)(ta(k))
(k-i-l))

vith .3.13(“*1)(';3(“*1)).71; i rz(k? —i-z =‘d§(t3
calculate h3(k+1)(t3(k+l)) by same formula used to calculate h3(k)(t3(k))
vith 'g_‘ps(kfl)(ts(ml))

ca1cu1ate’53("*1)(t3(k*1)) by same formula used to calculate'%(k)(tB(k))
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calculate tstkﬂ) explicitly by same formula used to calculate ts(k) with

2 = al(k+1) o = a_5(k+1)(t (k+1)y ¢ =%(k+1)(t3(k+1))'-% .-;3(k+1)(t3(k+1))
?1(]‘-1) and ;21':' replaced by rl( k) and

‘€1 .jl(lﬁl)' _E]_ =-£1(k+1)' "g'l - "€"1(k+1)

3
rz(k) ?‘3 - —€~3(k+1)(t5(k+1))

calculate (k+1) ?;(kﬂ) u.ndd (ke+1) explicitly by substituting the value of
t}(k-n-l) into .3(1:+l)(t3(k+1))' - h}(ku)(t)(ku))

calculate ‘2(k+1) by same formula used to caluclate az(k) with V(k'l) and
T’;(k-l)' replaced by_fl(k)' ande(k)'

calculate fz(kﬂ) by same formula used to calculate €2(k) with Vl(k'l) and

'\_’;(k'l)' replaced byh?'l(k)' and -?;(k)'

(k+1)

calculate d by same formula used to calculate d(k) with 62(“) and a (k)

2
€ £k+1) n_— a2(k-i-l)

(k+1)

replaced by

(k)

by same formula used to calculate (at)k with € 2(k), 8,

calculate (At)

replaced by €2(k+1) and aztkﬂ)
calculate tl(ku). tz(k+1) by (38) with At replaced by (Qt)(kd)
calculate c <, (k+1) and cz(]“l) by substituting t (k1) and t (k+1) into-a(t)
calculate t" (k+1) F (k+1) by (36) and (37) with Vl =V (k)'.-?z' -—;(k)'.
-}Tz (k-!-l) _... € (k'i'l)
(x+1) — (k+1) - (k1) =  —=(k+1)
calcu.lat: rl) =, 2 by (39) with c, = ¢ 1S =Tc, .
2 =kl — k+l
Fl - Fl ’ {0 - '02
calculate Vl(kﬂ) 2(k+1) same formula used to calculate Vl( k) and ‘F ()

replacing k by k+l
A continuation of the above calculations letting k = 1,2, ... will yield values
- S,
of (1 h2, enie h)' which will be arbitrarily close to the exact values of these

of these quantities.
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